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ABSTRACT: On the basis of a mean-field treatment of semiflexible polymer chains, we analyze the structure of
long wormlike polymers sterically confined between two parallel, structureless walls separated by a distanceW.
With the Onsager excluded-volume interaction between polymer segments, the system displays three phases,
uniaxial, biaxial, and condensed, depending on the polymer density andW. We have also determined the induced
attractive force acting on the walls, mediated by the Onsager excluded-volume interaction between polymer
segments.

I. Introduction

Khokhlov and Semenov1 extended the Onsager theory2 for
the isotropic-nematic phase transition of lyotropic rigid rods
to solutions of semiflexible polymer chains. In such a lyotropic
system, where the excluded-volume interaction between polymer
segments dominates, the isotopic-nematic phase transition is
completely driven by the segmental concentration of polymers.3

According to the Khokhlov-Semenov theory, for long polymers
(having a total backbone contour lengthL much greater than
the persistence lengthlp), the system undergoes a first-order
phase transition when the reduced segmental densityF̃b goes
beyond an estimated valueF̃I ) 13.05. HereF̃b ) a2DFb, where
Fb is the number of polymer segments (each having an effective
Kuhn lengtha ) 2lp) per unit volume andD represents the
excluded-volume diameter.1,4-6 Other theoretical approaches to
the problem have qualitatively given rise to a similar physical
picture.7-10 Indeed, experimentally, the isotropic-nematic
transition has been observed in various physical systems to
which these wormlike-polymer models can be applied.11-19 As
well, computer simulations have also confirmed the existence
of this phase transition in a few models of the same nature.20-23

Near asingle flat surface, Landau-de Gennes theories of
thermotropic liquid crystals consisting of rigid molecules have
been shown to produce several surface structures displaying
different orientational and wetting properties.24-27 Extending
the Khokholov-Semenov theory of long wormlike polymers28

to spatially inhomogeneous systems, Chen and Cui demonstrated
that surface phases and phase transitions, with similar orienta-
tional structures to those of thermotropic systems, also exist in
lyotropic liquid-crystalline polymer solutions near a single
surface.29 The surface structures of lyotropic systems (described
below) turn out to be common for liquid-crystal solutions,
regardless of whether they are composed of wormlike chains29

or rigid rodlike molecules.30-32

In the current work, we focus on the physical properties of
wormlike polymers confined betweentwo flat surfaces separated
by a distanceW. An idealized example setup is an experiment

where two structureless slabs of material, separated by a distance
W and with flat surfaces of dimension much larger thanW, are
immersed in such a wormlike polymer solution (see Figure 1).
As will be shown in section II, the physical properties depend
on two reduced variables,W/a andâµ, whereµ is the segmental
chemical potential, which can be related to the bulk segmental
densityFb in the solution byâµ ) (π/2)F̃b in the bulk isotropic
phase. Hereâ ) 1/kBT with kB the Boltzmann constant andT
the temperature of the system. Depending on the magnitude of
these variables, the system can display three different types of
orientational phases (uniaxial, biaxial, or condensed) separated
by first-order phase boundaries in most of the parameter regime,
as shown in the phase diagram in Figure 2. This phase diagram
shares many similarities with the phase diagram for lyotropic
rigid rods in a slit, wherea should be understood as the rod
length, which has recently been derived by van Roij, Dijkstra,
and Evans30-32 based on an extension of the Zwanzig model.33

In contrast with the present work, they have found that the
uniaxial-biaxial transition is second-order and independent of
W/a, possibly a consequence of the discrete-orientation nature
of the Zwanzig model.

From calculation of the free energy of the wormlike polymer
solution, in section III C, we demonstrate that the two slabs in
Figure 1 experience a mutual attraction in all three phases,
induced by the Onsager-type repulsion between polymer seg-
ments. Across the first-order phase boundaries, there is an abrupt
change of the force acting on the slabs, which can be
experimentally used as a signal in probing the phase boundaries.

II. Mean-Field Treatment

In this section, we present the theoretical approach used in
finding the physical results described in the next section. Readers
who are not interested in the technical details may directly
proceed to the next section.

A. Onsager Approximation for the Mean Field. To include
excluded-volume interactions, a wormlike chain can be treated
as a cylindrical filament, characterized by a cross-sectional
diameterD. We defineF(x,u) as the segmental distribution
function averaged over the entire chain, i.e., the probability of
finding a segment of the polymer to be located atx and with a
tangent vector in directionu. In a typical self-consistent mean-
field approach for polymers, we introduce a mean-field potential
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w(x,u) acting on a unit segment of the polymer chain. In the
limit of L . a, we can approximate the grand free energyΩ of
the entire system, as a functional of the undetermined density
function, F(x,u), by1,28

whereµ is the chemical potential andA is the area of the surface
of the walls in Figure 3. In this expression, we have explicitly
introduced an external wall potential,Vw(x,u), that has a value
of 0 for the region within the slit and∞ outside the slit. The
last term in this expression is based on the Onsager second-
virial approximation for the excluded-volume interaction be-
tween two rods2 pointing in directions specified by the unit
vectorsu andu′. This approximation is considered accurate for

long polymers,1 whereL . a . D, a condition that can be
easily satisfied by most polymer systems, in particular, DNA
molecules.

Minimizing the free energyΩ with respect toF(x,u) yields
an expression for the mean field

with

where the first term on the right-hand side is the mean-field
potential energy acting on a polymer segment due to other
segments.

We are interested in the conditional probability,Ψ(x,u;t), that
a polymer portion of lengtht has an end located atx andwhose
tangent vector points in the directionu, under such a potential
energy. In the long polymer limit,L . a, one can show that
Ψ(x,u;t) satisfies the differential equation34

whereux is the projection ofu onto thex axis and

The functionΨ0(x,u) is connected to the segmental densityF-
(x,u) by

The solution of the above partial differential equation forΨ0-
(x,u) contains an undetermined coefficient, which can be pinned
down by this connection, whereA ∫ dx ∫ du F(x,u) is the total
number of polymer segments in the system. In the case ofD )
0, whenV(x,u) is the wall confinement potentialVw(x,u) only,
the free energy of a wormlike chain has been calculated as a
function of the confinement widthW,35 approaching scaling
behaviors in the large-W/a36,37and small-W/a38,39 limits, which
can be both treated exactly.

With the introduction of the reduced coordinate

and the reduced density

we can rewrite eq 3 as

and eq 6 as

where Ψ̃0(x̃,u) ≡ axDΨ0(x,u). Substituting the last two
equations into eq 4, we obtain a nonlinear integro-differential
equation that determines the functionΨ0(x̃,u) for givenâµ and
W/a. We solved the structure of interacting wormlike polymers
through these equations by iteration. We assumed an initial guess
for Ψ̃0(x̃,u), solved the nonlinear integro-partial differential
equation in eq 4 and then used the solution as the next guess
for Ψ̃0(x̃,u). The procedure was repeated until the solution
converged.

Figure 1. Idealized experimental setup that can be used to measure
some of the physical properties predicted by the current work. A slit
formed by two parallel plates is immersed in a solution of wormlike
polymers, where the interior part of the solution between the plates is
in equilibrium with the bulk phase.

Figure 2. Phase diagram for wormlike chains confined between walls
separated by distanceW, in terms of the reduced chemical potential
âµ per effective Kuhn segment. Open symbols represent the numerical
solutions to the mean-field theory of this work, based on which solid
curves (first-order phase boundaries) are projected. Filled symbols
represent critical points.

Figure 3. Schematic diagram of wormlike chains between two parallel
walls and the coordinate system used.

âΩ/A ) â∫0

W
dxdu[VW(x,u) - w(x,u) - µ]F(x,u) +

a2D ∫0

W
dx∫ dudu′ F(x,u)F(x,u′)|u × u′| (1)

w(x,u) ) V(x,u) - µ (2)

âV(x,u) ) 2a2D ∫ du′F(x,u′)|u × u′| + âVw(x,u) (3)

-âµΨ0(x,u) ) [∇u
2 - aux

∂

∂x
- âV(x,u)]Ψ0(x,u) (4)

Ψ(x,u;t) ≈ Ψ0(x,u) exp(-âµt) (t . 1) (5)

F(x,u) ) Ψ0(x,u)Ψ0(x,-u) (6)

x̃ ≡ x/a (7)

F̃(x̃,u) ≡ a2DF(x,u) (8)

âV(x̃,u) ) 2∫ du′ F̃(x̃,u′)|u × u′| + âVw(x,u) (9)

F̃(x̃, u) ≡ Ψ̃0(x̃,u)Ψ̃0(x̃,-u) (10)
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With the usage ofW/a and âµ as independent parameters,
the surface tension between the two walls,σ, can be defined as
the free energy of maintaining the density profile within the
slit, relative to that of a bulk phase having the same value of
âµ. In the reduced version

whereF̃b(u) is the segemental orientational distribution function
of the bulk phase. In most parameter regimes discussed below,
the bulk system is still in its isotropic phase, and we have1,5,6

The formalism in this section follows those given in earlier
work.28,29The published versions of these earlier work contained
an extra factor of 2 in front of the Onsager term, a mistake
introduced during the preparation of the manuscripts. On the
other hand, the computational code was based on the correct
version of the free energy; hence, the numerical results in these
work are still valid.

B. Numerical Method. The variables in the integro-dif-
ferential equation based on eqs 4 and 9 arex̃ andu. In the actual
numerical approach, we treated theu dependence of all functions
involved using spherical-harmonic series and thex̃ dependence
by means of direct discretization.

The reduced density function,F̃(x̃,u), for example, is repre-
sented by

where the functionsFl,m(x̃) are dimensionless, to be determined
numerically. The direction specified by the unit vectoru is
represented by the polar angleθ measured with respect to the
z-axis and the azimuthal angleφ with respect to thex-axis (see
Figure 3). Similarly, we write

where the functionsΦl,m(x̃) andFl,m(x̃) are connected by

and where the definition of the coefficientsI is given in
Appendix A. The spherical-harmonic expansion for the kernel
|u × u′| can be obtained by using the addition theorem5

where the coefficientsdl (l ) 0, 1, ...) can also be found in
Appendix A, andθ′ and φ′ are the spherical angles used to
specify the unit vectoru′. Finally, the external potential func-
tion Vw(x,u) depends on both orientation and position, even
for a square well potential, and must be treated carefully.29,35,39

A spherical-harmonic expansion can be obtained based

on the step function boundary condition in our earlier
publications29,35

With these definitions, we can rewrite eq 4 as

where the last summation is over eight indices (l1,l2,l3,l4,m1,m2,
m3,m4). The numerical challenge becomes solving the coupled
differential equations of the above form forΦl,m(x̃) wherel )
0, 1, 2, 3, ... andm ) -l, -l + 1, ..., l - 1, l. Using these
spherical-harmonic expansions, we can rewrite the surface
tension defined in eq 11 as

when the reference bulk system is in its isotropic phase.
In our calculations, we have truncated the infinite sums over

l by finite sums over the rangel ) 0, 1, 2, ...,lmax. We have
also introducedNx divisions to divide the space [0,W/a] for x̃
into Nx + 1 nodes on which the functionΦl,m(x̃) is represented.
The derivative term, dΦl,m(x̃)/dx̃, was then represented by a
central difference, except for the two boundary points atx̃ ) 0
andW/a, where a forward difference and backward difference,
respectively, were incorporated into our numerical scheme. The
integrations in eqs 9 and 11 were then approximated by
Simpson’s method. In total,M ) (lmax + 1) × (2lmax + 1) ×
(Nx + 1) variables need to be specified for the entire system of
equations. We have found that Newton’s method for solving
nonlinear coupled equations converges fast in finding the roots
of the resultingM coupled equations. The results in the next
section are based on lettinglmax ) 14 andNx ) 160.

III. Results and Discussion

In a preliminary report of this work, we have shown the
calculated phase diagram, Figure 2, where three phases, uniaxial,
biaxial, and condensed, are stable in various parameter re-
gimes.40 These phases differ from each other by both the density
variations across the slit and the orientational properties of the
polymer segments in the slit, which will be analyzed in detail
in the next two subsections.

For the density variation, below we consider

For the orientational properties, we define three separate
measures along the principal axes with unit vectorsx̂, ŷ, andẑ,

σ̃(W/a,âµ) ≡ aDâσ

) ∫0

W/a
dx̃∫ dudu′[F̃b(u)F̃b(u′) -

F̃(x̃,u)F̃(x̃,u′)]|u × u′|
(11)

F̃b(u) )
F̃b

4π
) âµ

2π2
(12)

F̃(x̃,u) ) ∑
l)0

∞

∑
m)-l

l

Fl,m(x̃)Yl,m(θ,φ) (13)

Ψ̃0(x̃,u) ) ∑
l)0

∞

∑
m)-l

l

Φl,m(x̃)Yl,m(θ,φ) (14)

Fl,m(x̃) ) ∑
l1,m1

∑
l2,m2

Il,-m,l1,m1,l2,m2
(-1)l1+mΦl1,m1

(x̃)Φl2,m2
(x̃)

(15)

|u × u′| ) ∑
l)0

∞

∑
m)-l

l 4π

2l + 1
dlYl,m(θ,φ)Yl,m

/ (θ′,φ′) (16)

âVw(x,u) ) ∑
l)0

∞

∑
m)-l

l

Vl,m(x)Yl,m(θ, φ) (17)

[l(l + 1) - âµ]Φl,m(x̃) + (-1)m ∑
l1,l2,m1,m2

Il,-m,l1,m1,l2,m2
Vl1,m1

(x̃)Φl2,m2
(x̃) + (-1)m x2π

3
∑
l1,m1

(I1,-1,l1,m1,l,-m -

I1,1,l1,m1,l,-m)
dΦl1,m1

(x̃)

dx̃
+ ∑

8π

2l1 + 1
(-1)l4+m+m1dl1

Φl2,m2

(x̃) Φl3,m3
(x̃) Φl4,m4

(x̃) Il,-m,l1,m1,l2,m2
Il1,-m1,l3,m3,l4,m4

) 0 (18)

σ̃ )
W

a

(âµ)2

π
- 4π∫0

W/a
dx̃ [∑

l,m

(-1)md2lF2l,m(x̃)F2l,-m(x̃)

4l + 1 ]
(19)

F̃(x̃) ≡ ∫ du F̃(x̃,u) (20)

Sú(x̃) ≡ du P2(uú)F̃(x̃,u)

F̃(x̃)
(21)
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whereú ) x, y, z, andux ) u‚x̂ , uy ) u‚ŷ anduz ) u‚ẑ. Note
that only two of these three functions are independent, since

The uniaxial (U) phase, for example, is characterized by

and the biaxial phase, by

Technically, the condensed phase is also biaxial, however,
having a higher average density between the walls (see below).
Here we have followed the terminology used in related
studies30,31and refer to the low-density biaxial phase as abiaxial
(B) phase and the high-density biaxial phase as acondensed
(C) phase.

A. Uniaxial)Biaxial Transition. The physical properties
of the current model are completely specified by the two basic
parameters of the model described above, the reduced width of

the slit W/a and the reduced chemical potential per segment
âµ. In the example experimental setup in Figure 1âµ is directly
related to the densityF̃b of the bulk polymer solution [see eq
12]. In most parameter regimes considered below, the bulk
solution is in the isotropic phase.

The uniaxial phase is stable in the lowâµ region of the phase
diagram in Figure 2. This region corresponds to a system where
the excluded-volume interaction is relatively weak (lowD/a)
or the overall segmental density is relatively low. Examples of
the reduced density variationF(x̃) are displayed in Figure 4A
for various values ofW/a andâµ. Close to the wall, there exists
a depletion layer of polymer segments. For largeW/a, in the
central region of the slit, the reduced density approaches the
constantF̃b [see eq 12] and is independent ofW/a.

One of the major physical features of the uniaxial phase is
that the uniaxial symmetry of the orientational order parameters,
reflected by eq 23, is maintained. Across the slit, the orienta-
tional structure can be characterized by a single order parameter,
for example,Sx(x̃). The variation of the order parameters across
the slit is shown in Figure 4, parts C and E, for several values
of W/a andâµ, whereSx(0) ≈ -1/2, which is an indication of

Figure 4. Density and order parameter profiles of the biaxial and uniaxial states forW/a ) 3 (circles), 0.5 (squares), 0.25 (diamonds), and 0.125
(triangles) at the uniaxial-biaxial transition, corresponding toâµ ) 17.92, 17.10, 16.06, and 15.50, respectively. Only the portion near the left wall
has been displayed for theW/a ) 3 case.

Sx(x̃) + Sy(x̃) + Sz(x̃) ≡ 0 (22)

Sy(x̃) ) Sz(x̃) ) -Sx(x̃)/2 (23)

Sy(x̃) * Sz(x̃) (24)
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a planar orientational distribution at the wall boundary. For large
W/a, Sx(x̃) approaches 0 in the central region of the slit; coupled
with the fact that the segmental density approachesFb, the central
region of the uniaxial phase has properties similar to those of
the bulk isotropic phase with which it is in equilibrium.

For any value ofW/a, Figure 2 shows that asâµ is increased
to approach the solid curve associated with the circles in that
figure, the system undergoes a phase transition to a biaxial phase
having different orientational properties. Polymer segments far
from the wall are still oriented nearly randomly and have a
density similar to that in the uniaxial phase. For largeW/a,
however, polymer segments near the walls form thin layers of
enhanced segmental density with nematic characteristics [Figure
4B]; a preferred direction parallel to the wall surface is
spontaneously selected by the system as the local nematic
director (defined asz in Figure 3). Orientational order parame-
ters display typical biaxiality,Sz(x̃) > |Sx(x̃)|/2. For theW/a )
3 case, the biaxiality is more profound within a surface layer
of thickness approximately of ordera [see Figure 4, parts D
and F].

The U-B phase boundary in Figure 2 was numerically
determined from calculation of the uniaxial and biaxial branches
of the surface tension. Figure 5 shows four examples of the
calculatedσ̃ (eq 19) as a function ofâµ for the uniaxial (open
symbols) and biaxial (filled symbols) phases. The calculations
were extended into the metastable regimes of both phases, and
the crossing of the two branches defines the phase transition
point. ForW/a ) 3 and 0.5, Figure 5 clearly shows that the
two branches cross with different slopes, which is an indication
of a first-order phase transition. ForW/a ) 0.25 and 0.125, the
two branches are distinguished by small differences in slope at
the transition point, characteristic of a weak first-order phase
transition. Eventually, asW/a f 0, the U-B transition becomes
equivalent to the isotropic-nematic transition in two dimensions,
where the phase transition in this model is second-order.41 For
W/a f ∞, the U-B transition becomes equivalent to that found
in a semi-infinite system with a single wall.29

Figure 6 shows the total reduced segmental density between
the walls〈F̃〉W/a as a function ofâµ for several values ofW/a,
where the average density

The uniaxial and biaxial branches of〈F̃〉 are represented by open
and filled symbols, respectively. In both phases, the relationship
between〈F̃〉 and âµ is monotonic up to the uniaxial-biaxial
transition point, where the curves undergo abrupt jumps.

Generally, for anyW/a, increasingâµ is equivalent to increasing
〈F̃〉. As W/a increases, the magnitude of the discontinuity in
the overall density,〈F̃〉W/a, increases and approaches the excess
number of segments per unit area of the biaxial phase over that
of the uniaxial phase in a single-wall problem.

The first-order nature of the transition can also be seen in
Figure 7, where the total biaxiality

Figure 5. Reduced surface tension of the uniaxial (open symbols)
and biaxial (filled symbols) phases forW/a ) 3, 0.5, 0.25 and
0.125, represented by circles, squares, diamonds, and triangles,
respectively.

〈F̃〉 ) a
W∫0

W/a
dx̃ du F̃(x̃,u) (25)

Figure 6. Reduced segmental density in the slit (see definition in eq
25) as a function ofâµ for W/a ) 3, 0.5, 0.25 and 0.125. The uniaxial
and biaxial branches of this function are shown by using open and
filled symbols, respectively.

〈∆S〉 ) ∫0

W/a
dx̃ [Sz(x̃) - Sy(x̃)] (26)

Macromolecules, Vol. 40, No. 4, 2007 Surface-Induced Liquid Crystal Transitions1191



is plotted as a function ofâµ. At the transition point,〈∆S〉
undergoes an abrupt increase from 0 in the uniaxial phase to a
nonzero value in the biaxial phase.

Studies of lyotropic rigid rods by van Roij et al.,30-32 using
the Zwanzig model, have found the U-B transition to be
second-order. Both first-order and second-order U-B transitions
were predicted by Landau-de Gennes theories of thermotropic
liquid crystals against a single wall.26,42 At least within the
current model, the U-B transition is first-order in most
parameter regimes.

B. Biaxial-Condensed Transition.Returning to the phase
diagram in Figure 2, one notes that there is another phase
transition at a higherâµ for a fixedW/a (J1.7). Asâµ is raised
above the uniaxial-biaxial transition boundary, the average
reduced density〈F̃〉 also increases. The density-enhanced layer
near the wall broadens and develops stronger nematic charac-
teristics; values of the local density near a wall may even exceed
F̃N ) 14.04, the value in the nematic phase at the bulk isotropic-
nematic (IN) transition. The biaxial phase remains stable as long
as the reduced density far from the walls is still below the value
of the isotropic phase of the bulk IN transition,F̃I ) 13.05
(corresponding toâµIN ) 20.50).5,6

As âµ approaches the biaxial-condensed phase boundary, one
of the distinctive features of the biaxial density profile is that
the thickness of the density-enhanced surface layer expands
beyonda and develops into a thick partial wetting layer (see
Figure 8). For very largeW/a, this expansion of the biaxial layers
continues untilâµ reachesâµIN, where the thickness of the
wetting layer diverges, which results in complete wetting by
the nematic phase at a single wall.29 For smallerW/a, however,
the dense wetting layers extending from both walls tend to
merge, resulting in a new (capillary) condensed(or capillary
nematized) phase, which becomes stable afterâµ reaches the
solid-phase boundary associated with the squares in Figure 2.

Figure 7. Average biaxiality as a function ofâµ for W/a ) 3, 0.5,
0.25 and 0.125.

Figure 8. Density and order parameter profiles in the half space of
the condensed and biaxial states forW/a ) 6 (circles), 4 (squares), 3
(diamonds), and 2 (triangles) at the biaxial-condensed transition,
corresponding toâµ ) 20.4, 20.3, 20.1, and 19.8 respectively.

Figure 9. Reduced surface tension of the biaxial (triangles) and
condensed (circles) phases as a function of the reduced chemical
potential forW/a ) 6, 4, 3 and 2.

Figure 10. Phase diagrams showing the biaxial-condensed transition,
plotted in terms of (A)a/W and 〈F̃〉 and (B)âµ and 〈F̃〉, where〈F̃〉 is
the average density within the slit, eq 25. In plot A, the lines associated
with squares and diamonds are the phase boundaries, inside which both
biaxial and condensed phases coexist. In plot B, the phase boundaries
are represented by the dashed curves. Furthermore, we have shown
the two branches of the functiona/W(〈F̃〉,âµ) for given âµ using
triangles in plot A, and the functionâµ(〈F̃〉,W/a) for given W/a using
various symbols in plot B. The crosses in part A fora/W ) 0 represent
the isotropic and nematic transition densities of the bulk system.

1192 Chen et al. Macromolecules, Vol. 40, No. 4, 2007



At this phase transition, the average density in the slit jumps to
a value comparable toF̃N. Orientational order parameters still
display typical biaxiality, i.e.,Sz(x̃) > |Sx(x̃)|/2, but the order
parameterSz near the center of the slit grows and approxi-
mately reaches the asymptotic valueSz ) 0.4618 of the nematic
phase at the bulk isotropic-nematic transition.5,6 For W/a f
∞, this biaxial-condensed transition becomes the bulk I-N
transition.

To study the characteristics of the biaxial-condensed transi-
tion, in Figure 9 we examine the two branches of the surface
tension as a function of the reduced chemical potentialâµ for
a few values ofW/a. In this figure, the biaxial branch (triangles)
crosses the condensed branch (circles) with a different slope,
indicating that the transition is first-order. Note that the slopes
of the crossing lines at the transition approach each other as
W/a is lowered; this is a reflection of the fact that the first-
order nature of the biaxial-condensed transition becomes weaker
asW/a decreases.

The biaxial-condensed phase transition, however, does not
exist for a sufficiently narrow slit withW/a J 1.7. Because of
the limited space between the walls, the system does not support

the adequate development of the condensed state, which
typically requires a partial wetting layer of the widtha. The
transition between the biaxial and condensed phases is now
continuous without any signature of a phase transition [Figure
2]. The first-order phase boundary between the biaxial and
condensed phases terminates at a critical pointWc/a and
âµc.

Although we have described the biaxial-condensed transition
usingW/a andâµ as independent variables, the same transition
can be viewed in other representations.30,31 Figure 10A shows
the phase diagram in ana/W-〈F̃〉 graph, where we have also
plotted the functiona/W(〈F̃〉,âµ) for the biaxial and conden-
sed branches for givenâµ. The plots, based on our numer-
ical solution, have been extended into the coexistence region.
The circle in the figure represents the critical point, where
the coexistence region vanishes. An additional perspective
can be gained from the phase diagram plotted in terms ofâµ
and 〈F̃〉 shown in Figure 10B. The two branches of the func-
tion âµ(〈F̃〉,W/a) for several values ofW/a have also been plot-
ted in this diagram. Asâµ is lowered, the difference between
the coexisting densities decreases, terminating at the critical
point.

In order to more precisely determine the critical point (the
location of the filled square in Figure 2) specified byµc and
Wc, we have considered the difference〈∆F̃〉 of the coexisting
densities, represented by the magnitude of the dashed lines in
Figure 10A and the dotted lines in Figure 10B. Since we are
dealing with a mean-field theory, we expect

for Figure 10A, and

for Figure 10B.
Hence, plots of〈∆ F̃〉2 as a function ofW/a from Figure 10A

and of〈∆ F̃〉2 as a function ofâµ from Figure 10B should follow
straight lines near the critical point; the intercepts from such
plots, shown in Figure 11, give us

for the present model.
C. Suggested Experiment.Returning to the experimental

setup in Figure 1, we see that the chemical potential of the entire
system, henceµ inside the slit, can be controlled by the
segmental density of wormlike chains in the bulk. In general,
in all three confined phases at a constantµ, a narrower slit

Figure 11. Squared density difference〈∆F̃〉2 at the biaxial-condensed phase transition as a function of (A)W/a and (B) âµ. The open circles
represent the estimated critical point.

Figure 12. Magnitude of the induced attraction between the two walls
as a function ofW/a in five cases:âµ ) 14 [circles in A], 17 [circles
in B], 18 [squares in A], 20 [squares in B], and 21.5 [diamonds in A].

〈∆F̃〉 ∝ (W - Wc)
1/2 (27)

〈∆F̃〉 ∝ (µ - µc)
1/2 (28)

Wc/a ) 1.7( 0.1 (29)

âµc ) 19.2( 0.3 (30)
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produces stronger nematic characteristics. The excess free energy
as a function ofW/a at constantâµ, eq 11, decreases asW/a
decreases. This reduction induces anattraction between the
illustrated plates in Figure 1, mediated by the repulsive Onsager
excluded volume interaction between wormlike chains in the
slit.

Using a finite difference method, we have computed this
(disjoining) forceF according to the definition43

for a few typical values ofâµ and plotted the results in Figure
12. In Figure 12A,F̃ is a continuous function ofW/a for all
three cases,âµ ) 14 (circles), 18 (squares) or 21.5 (diamonds),
where the system is in the uniaxial, biaxial or condensed phases,
respectively. The attraction between the plates is short-ranged
and is significant only when the slit widthW is comparable to
the Kuhn lengtha.

In Figure 12B,F̃ is a discontinuous function ofW/a for both
âµ ) 17 (circles) and 20 (squares), where the system undergoes
a first-order phase transition asW/a changes, uniaxial-biaxial
in the first case and biaxial-condensed in the second case. An
experimental setup that detects these discontinuities in the
induced attraction between the plates would directly probe the
phase boundaries determined in this work.

Although flat surfaces have been used in the current model
for conceptualization, we would expect that curved surfaces can
produce similar type of attractions as well, so long as the
reciprocal curvatures of the surfaces are greater than the Kuhn
length of wormlike chains in the solvent. The detection of the
induced capillary force between flat and spherical surfaces
immersed in a liquid-crystalline medium is probably more
practical to realize experimentally and has been performed on
a number of nonpolymeric systems.44-46 These experiments have
probed the capillary forces induced by near-surface liquid crystal
enhancements while the bulk phase is still in its isotropic state,
although the nature and cause of the surface enhancements are
not exactly the same as in the current model. A theoretical
calculation based on the Landau-de Gennes theory of a slit
system has also indicated that the force-distance curve would
display a discontinuity above the isotropic-nematic transition,47

similar to the curve represented by circles in Figure 12B. We
stress that in our model, the attraction between the plates is
completely induced by excluded-volume repulsions between the
wormlike polymer chains.

As a final remark in this subsection, for conceptual illustration
we proposed a possible experiment on the basis of detecting
capillary force; other experimental techniques, including exploit-
ing the optical properties of various phases, might also be
designed to detect the phase transitions.

IV. Summary

In summary, the confinement of wormlike polymer chains
was studied with the inclusion of the Onsager excluded-volume
interaction. We have also shown that three distinct phases,
uniaxial, biaxial, and condensed, may exist in this system,
depending on the magnitude of the slit width and average density
within the slit.

The computation in this work focuses on the phase behavior
by employing a ground-state dominance approximation that
ignores the path (t-) dependence of the probability distribution
function [see eqs 4 and 5]. In semiflexible polymer liquid
crystals, polymers make hairpin turns to accommodate the
orientational ordering,4,5,48-50 This and other conformational

properties can be explored by using the current formalism and
the results for the mean field, after the incorporation of thet-
dependence in the differential equation,49 eq 4. This is beyond
the scope of the current work.

Appendix

A. List of Constants. For the coefficients used in eq 16

For the coefficients in eqs 15 and 18
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